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Abstract

In this paper, a high order approximation with convergence order O(73~%) to Caputo
derivative ¢ Dg f(t) for a € (0, 1) is introduced. Furthermore, two high-order algorithms
for Caputo type advection-diffusion equation are obtained. The stability and convergence
are rigorously studied which depend upon the derivative order a.. The corresponding con-
vergence orders are O(73~% + h2) and O(r%~® + h*), where 7 is the time stepsize, h the
space stepsize, respectively. Finally, numerical examples are given to support the theo-
retical analysis.
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1. Introduction.

Constructing numerical methods for fractional integrals and fractional
derivatives is always one of the central topics in numerical fractional calcu-
lus. From the bibliographical references available, among the fractional inte-
grals, the Reimann-Liouville integral is mostly used. And amongst the frac-
tional derivatives, the Riemann-Liouville derivative and the Caputo deriva-
tive are often adopted [I—5]. Numerical approaches to Riemann-Liouville
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integral and derivative are mainly derived by using the discrete Grinwald-
Letnikov derivative and its various variants [6—8]. Numerical algorithms
for Caputo derivative have recently received attention and attracted in-
creasing interests [9—13]. As far as we know, Lubich was the first one who
studied the high-order numerical algorithms for Riemann-Liouville integral
and Riemann-Liouville derivative [0]. Li, et al., were the early ones who con-
structed the high-order numerical methods for Caputo derivative, where the
convergence order is the second order [12]. In very recent, Gao, et al., con-
sidered a high-order algorithm with convergence order (3 — «) for Caputo
derivative [13]. We admit their priority of (3—a)th order scheme for Caputo
derivative. In this paper, we also introduce a (3 — «) order algorithm for
Caputo derive with a slightly different method, where the expressions of
weight coefficients presented are very easily analyzed. The important prop-
erties of these coefficients are firstly studied which are conveniently applied
to unconditional stability analysis and convergence analysis.

Next, we study the standard time fractional advection-diffusion equa-
tion in the following form,

( 0?u(z,t)
CD&tu(x, t) = KQW

Ou(x,t)
(1) —Va ox

u(z,0) = ¢(z), 0 <z <L,
{ u(0,t) = ¢(t), u(L,t) =v(t), t >0,
where K, > 0 is the diffusion coefficient, V,, > 0 the advection co-

efficient, and cDg, denotes the Caputo derivative operator with order
€ (0,1), defined by

+ f(z,t), 0 <z < L, t>0,

OD5I ) = e [ (=97 ().

in which I'(-) is the Euler Gamma function. The somewhat special forms of
the above equation were studied in [14-17].

The outline of this paper is organized as follows. In Section 2, a much
higher order algorithm for Caputo derivative ¢Df,f(t) with order a €
(0,1) is detailedly constructed. The weight coefficients in the numerical
scheme for this derivative are studied. Based on the derived scheme, two
numerical methods for equation (1) are proposed in Sections 3 and 4, where
the stability, convergence with order O(73~% + h?) and O(r3~% + h*) are
rigorously studied, in which 7 is the temporal steplength, and h the spatial



DOI: 10.1685/journal.caim.536

one. In Section 5, we give some numerical examples to support the derived
theoretical results. The last section concludes this article.

2. Numerical approach to Caputo derivative

In recent, Gao et al. presented a (3 — a)th order algorithm for Caputo
derivative and applied it to numerical computations of fractional partial
differential equations, where the stability and convergence analysis, and
error estimates, have not been derived yet [13]. In this paper, we use a
slightly different method to derive a (3 — «)th order scheme for Caputo
DG, f(t) with o € (0, 1). Especially, the important properties of the weight
coefficients in the established numerical scheme are studied which are very
useful for stability analysis and convergence analysis.

Suppose that f(®)(t) is continuous and f(®)(t) exists on the interval
[0,7]. Let 0 = tp < t; < ... < ty =T, and tx = k7, in which 7 = %,
k =0,1,...,N. Firstly, using the Taylor expansion to f’(s), f(ti—1), f(ti+1)
at the point ¢t = ¢; (0 <i < k), one gets

fi(s) = f'(t) + f" (&) (s — i)

(3)
f 2,( )(8 — )2+ O((s — t:)%), s € (ti,tis1),
fﬁazﬂmﬂéﬂmﬂ_ﬂgmﬁ+ogﬂ
and,
F(t) = f(tig1) — 2f( i)+ f(tio) f(4)(ti)72 oW,

T2 12

Hence we can obtain that

£(s) = f(ti+1)2_7f(ti—1> LSt = 2fT(Qtz') + ftic1) (s— 1)
) (¢, 3 (¢,
Q SR T 2 os - 1),
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So the Caputo derivative can be discretized as

eD5 S0, = Frey | e o)

=t}
1 k=1 otigy
P AR
1=0""

k—1

1 tit o[ J(tiv1) = f(tioa)
ool f, e[
3
( ) n f(tiv1) — 2]:—(21;2) + f(ti-1) . (3 _ ti)
(3) (4. (3) (¢,
S TR 2]as + 0
B

+wa i (fir1 — 2fi + fim1)] + 7,

where fir1 = f(tit1), fi = f(t;),and fi_1 = f(ti—1),

(@) ws= [k = (ki = 1)),

(5)  wopi=(k—i) " —(k—i—1)>"—(2—a)(k—i-1)""

i=0,1,..k—1, k= 1,2,...,N, and r* is the truncation error in the
following form,

1 k—1

©) "= s Z/t Ttk —s) [ Oy 1+ 3C(s — 1)%)ds + O(),
=0 "

) (t:
in which Cy = ! <33!(t’) is a constant depending only upon f.

For the right-hand side of equation (6), we have

T
L

1 k—1 tit1 ) , C’f
M;li (t—s)"“[=Cym°+3Cs(s—t;)*]ds = i) (L+315),

~
I
o
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in which

tz+1 T?)—O(
L ——/ (ty — 8) " %7%ds = ——[(k —i— )17 — (k — i)},
t; 11—«

tit1
I —/ (tk — S)ia(s — ti)zds
t;
3—a 27_3704
_ s l-o =%
= k=i G ye—a

(k—i—1)%«

23—

_ —i— 3—a _Zv3—a'
R LA M Ut

Therefore,

k—1 C 7_3,0[
Z (I, 4 313) = f{ — kT =3[k -1+ L4217 1]
2:0

f2—a)
6 6 .
— E—1)2"%4 .. 42272 4+1 — el
e e Y= =l
Let
k—1 6 ! 6
- _ l—a 22— k3fa _ klfa
k) ?’;l QQ;Z TG -a
(7) 1
= a;, k > 1.
i=0
If £ = 1, define s(1) 6 1. Then a; (i > 1) can be
= ne apgp = — - 1. 1 =
’ ‘ 2-a)(3—-a)
defined as follows,
ai = S(i+1)=S8() = —9 (i 4 1pe_ipo]__ 0 _p-a_ 4 yl-a_gil-a
’ 2—-a)3—a) 2 -« '

Next we show that |S(k)| is bounded for & > 1. This leads us to prove
oo

the series ) a; converges.
i=0
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In fact, for ¢ > 2,

67 6 1 1 2

TR “o P TS
‘M&_@[HH(?’O‘);*W;

N (3—04)(2;!04)(1 _a)i13+ (3—04)(2—3?(1—04)(—04);4

n (3—04)(2—04)(1;00(—04)(—04— 1)i15

B0 -aaa-azyl, |

1
-t =5+ 3 B

:iQ—C!

e

i

:iQ—C!

6 _1[

2—« /)

1 1 1 1
+ gL+ )2+ )3 +a) + cr(1+a)2+a)B +a)(d+a) o + ..

So series Y | a; converges, which means that S(k) is bounded by a constant

1=2
(. Therefore,

c; A _ Cyrie CiCy 4,

It immediately follows that

(8) rk < orde.
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So the Caputo derivative has the following numerical approximation,
(9)
o k=1

(6% T —
DGy, f(tk) “TB_a) > [wie—i(firr = fim1) + wop—i(fiyr — 2fi + fio1)]
=0
+0(r*®), k=1,2,...,N, ty =kr < N7 =T,

where 0 < a < 1, wy y—; and wy —; are defined by (4) and (5).

Remark 2.1. In formula (9), if i = 0, then f;_; = f_; is defined outside
of [0,T]. Here, we give various choices to approach f_j. In numerical cal-
culation, we mainly use the neighbouring function values to approximate
fo1, that is, f_y = f(0) — 7f(0) + G f"(0) + O(+?).

1) When f/(0) = f”(0) = 0, then f_1 = fo + O(73), the convergence order
of (9) is O(7379).

2) When f(0) = 0, f"(0) # 0, then f_; = fo+ % f"(0) + O(%), the con-
vergence order of (9) is O(72).

3) When f’(0) # 0, then the convergence order is O(7).

In the following, we focus on studying the properties of the weight co-
efficients wq y—; and wo j—;.

Lemma 2.1. The coefficients wy p—; and wop—; (K = 1,2,...,N, i =
0,1,....k — 1) defined by (4) and (5) for a € (0,1) satisfy the following
properties

2—«a

() wiy = 5 W21 = 1;

2 -«
(1) 0 < wy g—jp1 < wig—i < 5 <1,0<wyp—it1 <wap—;i <1;

(I11) w1 g—ig1 — Wi g—i > W f—i — W1 k—i—1, k — 1 > 2;
W iyl — W2 ki > Wok—j — W2k—i—1, kK —1>2;

>0, if € (0,ap),
<0, if a € [ag, 1),
where g ~ 0.68 is the unique zero point of (6 — )27 +a —4 =0 for a € (0,1);

(IV) wip+ w11+ waa —wa {
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W1 k—i + W g—i—1 + Wogp—i — Wog—i—1 >0, k—1i>3;
(V) —wi2+ 2wy —wa2 > 0;
<0, if € (0,01),
>0, if a € lag,l),
where a1 &~ 0.37 is the unique zero point of

2 3(2 — 3
_93-a 4 g2-a_ g2-a Ta31_a - (20‘)21—6“ - ?O‘ +6=0for a € (0,1);

Wi k—itl — Wl k—i—1tW2p—iy1 — 2Wok— +wWo i1 <0,k —172>3.

w13 — Wi, + w23 — 2w 2 + w1 {

Proof. (I) It is obvious from the definitions of wy j—; and wa j—;.
(IT) Let j = k — i, then (4) and (5) can be rewritten as

2O -,

wy ;=31 = 2-a)(i - 1)

w17j =

Suppose
filw) =21 — (- 1),
falw) = — (3= 1)?% = (2 —a)(x — 1)},

where = > 1. Noticing that 0 < a < 1, one has
filr)=(1—a)le® = (@ —1)°] <0, 2> 1,
SO fl(j + 1) < fl(j), i.e., wy j+1 < Wi 5.

fol@)=2-a)'™ — (- 1)~ (1 - a)(z—1)7°
=2-a)0-a)" = (2-1)7 <0, £ € (x - 1,2),
S0 w2 j4+1 < W2 ;.

(III) Simple calculations give
2—-a
2
Let g(z) = (z + )17 — 227 4 (2 — )17, 2 > 1, then ¢'(z) = (1 —

a)llr+1)"* =227+ (z—1)77.
Suppose h(z) = (x+1)"*—z~% then W (z) = —a[(z+1) ¢ 1—z771] >
0, hence ¢'(z) = (1—a)[h(x)—h(x—1)] > 0, that is, g(z) is a monotonely in-

[+ 1) =24+ (- 1))

Wij+1 — Wi,j =

-«
creasing function. Then wy j41 —wij; = 5 g(j) monotonically increases,
which follows that

W1 k—i+1 — W1 k—i > W1 k—i — W1 k—i—1-
Similarly,

Wo jp1—waj = (+1)* 52— (2—a)j =+ (- 1)+ (2—a) (1)
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Let
p(x) = (z+1)** =222~ (2—a)z' "+ (2—1)*"*+(2—a)(z— 1), = > 1.
Then
P() = (2 — a){(z + 1)1 — 210 = (1 — a)e — o1 = (3 — 1)1 = (1 — a)(z — 1)},
Set q(z) = (z + 1)1=* —217® — (1 — a)z~°. It follows that
1—a)[(z+1)" -2+ az

=(1-a)(—a& ! 4 azmoh)

=a(l—a)z @t —¢2 >0 ¢€(rx—1,2).
Therefore, p'(x) = (2 — a)[q(z) — g(z — 1)] > 0, that is,

Wa i1 — wo,j — (Wwa,; — wa,j—1) = p(j) —p(j — 1) > 0.

(IV) According to the definitions of w; y—; and wg ;_;, it follows that w2+
wi 1 +we2—wo 1 = (6—a)2”%+a—4. By theoretical analysis, there exists
a unique ag ~ 0.68, such that (6 — )2 %+ a —4 =0 for a € (0,1). Next,
we show the last inequality of (IV), i.e., j > 2. Obviously,

W15+ Wij-1 + W2j — W2,5-1 5
9 . _ . _ — Q. g . _ . _
=520 - 1)+ (-2 + G =20 -1+ (G - 2)1

={F -G+ ch At - (j2— D {1 - (-2
+ 220G - e - -2,
Assume g(z) = 229 — (g — 1)2-0 4 > S (1)), 2 > 2. Then
g =@~ ) I )
Lot h(z) = 2170 4 > . Yo, x> 2. So,
W (x) = (1—a)(@® - of”_;_l) =(l—a @ =5) >0,

Therefore, ¢'(x) = (2 — a)[h(z) — h(z — 1)] > 0, g(x) > g(x — 1), that is,

wij + w1+ Wi — w1 = g(a:) — g(:C - 1) > 0.



C. P. Li et al.

(V) From (I) and (II), one has

wo1 =1, w12 < 1and we s < 1, so it is obvious that —w; 2 + 2w 1 —wo 2 >
-14+42-1=0.

It is easy to get w13 — w11 + w23 — 2’[1)272 +wo = —23-a 4 g2-a_ 92~ +
2*70‘31_"‘ — @21_0‘ — 37a + 6. By mathematical analysis, there exists a
unique o = 0.37, such that —237% 4327« _22-a 1 2*?“31_‘1 — @21_‘1 —
30 4 6=0for a € (0,1).

Again, one has

w541 — Wj—1 +wa 511 — 2wa5 + waj1

2—a, . . 32— ,_, 3(2-a) ., 2—a,. _
— 11a_ 11—« _11a _21a
5 (1) 5 5 -1 5 (1—-2)
() )2 - 3270 1 3() - 120 - (j - 22

2—«

= —A{lG+D) =] =2 -G -0+ -0 =G -2}
HO+D =2 =22 = (- D)+ [ - 1) = (- 2)77]

=90)—9(—-1),7>2

2 _
where g(z) = ?a [(z+1)l =22l 4 (1)1 + [(z+1)*"* =227+

(x— 1)2*0‘], x > 2. By tedious calculations, one gets,

¢@) =220 o)+ 1) 2070 4 (o~ 1)) + (2 - ) [(x — 1)
_21.1704 4 (1. _ 1)1704]
R Gl [ S N () ]
1 ; @ [x—a —(x— 1)—&} _ [:L,l—a (- 1)1—a]}

=2-a) [h(x) — h(z — 1)],

in which h(x) = ( ; @) [(z4+1)"* =27 + [(z+ 1) —217%], z > 2.
Furthermore,
W(z) = 1 22 o)+ )t — a0 4 (1 ) (o 1) - 2
=(1-a) [%a(x +1) (4 1)) - [_70[:10*0‘*1 +z]}.

10
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Last, set g(x) = —a(x + 1) 4 (z+1)"%, = > 2. One has

2
q/(x) = 06(124‘04)(1: + 1)_0‘_2 — Oé(m + 1)—04—1
=az+1)722 [Hia —(z+ 1)] <0

It is easy to see h/(z) < 0, furthermore, ¢'(x) < 0, which implies
W1 j41 — Wi j—1 + wa 41 — 2we; +wej—1 = g(j) —g(j — 1) <0,

i.e.,
WY k—it1 — W1 k—i—1 T W2 k—it1 — 2Wok— + Wog—j—1 <0

All this completes the proof. O

Remark 2.2. Lemma 2.1 holds for « € (0,1). If « = 1, Lemma 2.1 (IV)
and (V) are not true. Here, Lemma 2.1 (IV) and (V) are useful for the
following stability analysis.

3. Numerical scheme 1

In this section, we use the approximation scheme for Caputo deriva-
tive in Section 2 to discretize the time fractional derivative of equation
(1). Throughout this paper, we always suppose equation (1) has a unique

2
solution which satisfies 8“5%’0) =9 "gf;?’o) = 0 for discussion convenience.

Let h = ﬁ be the space stepsize with z; = jh, j =0,1,..., M. The time
interval [0,T], for a given T, is partitioned in Section 2. For the function
u(x,t), its exact and approximate solutions at the point (z;,t) are denoted
by uf and UJ’?. Let u* = (uf,...,u%, )T and U* = (U}, ..., U%,_)7T.

In order to derive numerical solution of equ. (1), discretize the first
and second-order spatial derivatives by the second-order central difference
schemes,

) ub | —uk
(10) ol te) = =+ (),
0?2 uk, | —2ub ko
(11) 52U tk) = e h2] =L+ 0(h?).

11
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From Section 2, we approximate the time fractional derivative as below,

B '
cDgyu(ry,ty) = 3= a) Z wi j—i( Z'H u;_l)
(12) =
+w2kl( j+ —2u —|—u )]

+O(T37%).

So the fractional advection-diffusion equation is discretized as follows,

—a k=1
T i i i i i
T(3—a) Z |:w1’k,¢(Uj+1 — Uj 1) + ’w27k,i(Uj+1 — 2Uj + Uj 1)
i=0
13 k k k k
(13) _ o U iU Ui U Ly
(e h2 [e% 2h VR

1<k<N,1<j<M—1.
The initial and boundary conditions of (1) can be rewritten as

U =o(xj), j=0,1,..,M —1,
Uk = o (), Uk = ¢(ty), k=0,1,..., N.

Multiplying h? in both sides of (13) and introducing the parameter p =

Vah
+<_Ka+ )UJ+1—2Mw21U +,u(w11—w21)U —|—h2 , k=1,
+

Voh
o),
p(—wi 2 + 2wy — w2,2)UJk_1
k—2

— ) (Wi k—iy1 — Wik—i—1 + W2 k—it1 — 2W2 i + W k—i—1)Uj
i1

+ p(wy -1 + 2wap — wa—1)U;

+ p(w g — wo)U; T+ B2 fF, 2 <k < N.

12
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According to Remark 2.1, U j_l can be replaced by the following equation

ouY 720209
~1_ 170 i TYY 3
Uy =U; T 5 —1—2 BIE) + O(77).
Moreover, we have supposed Bugzé,O) 2 15? 0 0, so set U ! Ujo. We
can give the following compact form

(15)
(AU! :,u(w171 + U)Q,l)UO + h2F1 +Hy, k=1,
k—2
AU =p(—wy g+ 2wa 1 — wa)UF ! — NZ(wl,k—i—H — W1 k—i—1
i1

+ Wa gig1 — 2Wo ki + wag—i—1) U+ p(wy g +wi g1 + wa g — wog_1)U°
+h2FL+Hy, 2<k<N,

where the matrix and vector in (15) are defined as follows,

(16)

A:tri[—Ka 2h,uw11+,uw21—|—2Ka, Ka+v2h}, 1<k<N,
(17)

Fk:(ff,fé“,,,,,fﬁ_1>T7 Hk:<(Ka Vh)UO’m’( Ka Vh)UM) ;
1<k<N.

Theorem 3.1. The difference system (14) or (15) has an unique solution.

Proof. In view of [16], we easily known that the eigenvalues of the matrix
Ais

1 .
A = QKQ+M(w1,1+w2,1)+2\/K§ — ngfﬂ Ccos (]\ZIW) ,1=1,2,...,M—1.

Note that w11 = %,

w1 =1, and p = h(2 ) > 0. Then,
(i) when K2 — 1V2h2 > 0, one gets
4 —
N> Y s
2
(ii) when K2 — 2V2h? < 0, one has

4—« ]
Ai :2KQ+TM+2bcos <M7r> 1# 0,

13
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where b? = — (Kg — %th2) 2= 1.
So det(A) # 0, which indicates that the solution to (14) or (15) exists
and is unique. -

In the following, the stability and convergence are studied.

Theorem 3.2. The local truncation error of scheme (14) is O(73~% + h?).

Proof. According to equations (10)-(12), we define the local truncation
error R;‘? of difference scheme (14) as follows.

(18)
k o k—1 1 - - ' »
R; _r(3 —a) [w1,k7i(u} — u; )+ wQ,;H(u;. —2u! + u; )}
=0
k k k L i
- K, Y+ T 2uj T Ui TV Ui+ — U1 f,'g
@ h2 a oh ]
k-1
_ T i1 i1 - . -
_m 2 [wl,k—i(u; — u; )+ w27k_i(u; —2ul + u; )}
1=
k _ k k 9
ui g —2ui +ui g 9
— cDgyu(zj, ty) — Ka [ J hQJ j-1 @u(%’tk}
k k
U —Uu:_ o
+ Va % _ aw“(l‘j’tk)]
_ 3—ay 2 2 3—o ) _
=0(1°7%) = KoO(h?) + Vo, O(h?) = O(73~* + h?).

Here we use the Fourier method [15] to discuss the stability of scheme
(14). Let U f be the approximate solution of (14). Define

k __ 17k Tk :

with the corresponding vector

k

k k k T
P" = (p1, P55 s PAr—1)" -

14
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Then one can easily get:

(19)
Vah Vah
<Ka - ;) ,0}_1 + (pwy1 + pwey + 2K,) pjl- + (Ka + ;) pjl-+1
= p(wi,1 +wa1)p), k=1,
Vah Vah
<_Ka - ;) i1+ (pwiy + pwa1 +2K,) pf + <—Ka + ;) P
k-2
= p(—wi2 + 2wz — w2,2)P§_1 - MZ(wl,kfz#l — Wik—i-1 1t W2 k—it1
i=1
| —2wo i+ w2,k—z’—1)P§' + p(wr p + wy -1 + wo g — w2,k—1)p9, 2<k<N.

Now let the grid function be

h h
. phowj— g <w<witg, j=12.,M-1,
p(x) = b h
0,0§x§§orL——<x<L,

then p*(z) can be expanded in a Fourier series

pk(ﬂf) — Z dk(7,',L)€z27rmz/L7 1<k<N,

in which .
1
di(m) = / pF(x)e 2™ e/ Ly 42 = —1.
L Jo
Set

(ST
N

M—-1 L
1= | 3 alh? ] = [ /0 |pk<x>r2dx]
j=1

According to the Parseval equality

L o0
/ @)= S ldm)P,
one has
(20) 2= S Jd(m)P.
m=—o00

15
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Based on the above analysis, we suppose that the solution of (19) has the
following form,

ph = dye'",
where o = 2mm/L. Substitution in (19) yields
(21)
(4 — p(wi1 + wa1)do b1
1= 2 ch . 9 - b
4Ky sin® Gt +aVohsinoh + pwy 1 + pwa
1
dy, = —wi o + 2w
4K, sin® "Q—h +1Vohsinoh + pwy 1 + paws [M( b2 1
k—2
—wa2)dp—1 — 1 Y (W1 k—ig1 — Wikh—io1 + W k—is1 — 2Wa ki + Wap—i—1)ds
i=1
+ p(wi g + wi g1 + o — wop—1)do], 2 <k < N.

Lemma 3.1. For d; (1 < k < n) defined by (21), if « € (0,aq), the
following inequality

(22) |di| < |do
holds for k =1,2,...,N.

Proof. Notice

h
4K, sin? % +Vohsinoh 4+ pwy 1 + paws

h
(23) = \/(4Ka sin? % + pwi g + pwa1)? + V2hZsin? oh

> \/(Mwl,l + pwa1)? = p(wig +we1), 1 <k < N.
For k = 1, from the above inequality and (21), we have

,u(wm + w2,1)

dq| < P
|di| < |4KaSin2%h+ZVahSin0'h—|—,uw1,1_|_luw271|‘ ol < [do
FO]:']{,‘:2’
1
|da| < (] — w12 + 2wy,

|41, sin? %h +1Vohsinoh + pwi 1 + paws 1|

—waa| - |di| 4 plwr g + w1 + wae — waa| - |dol].

16
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From Lemma 2.1, if o € (0, ap), then

1
|4 K, sin? U—Zh +1Vahsinoh + pwi 1 + paws 1|

|da| < [(—wr 2 + 2wa

—wyp)|d1| + p(wi2 4+ w11 4 wa,2 — wa,1)|do|]

M(w1,1 + w2,1)

< 5o |do| < |do.
|4K o sin® & + iVohsinoh 4 pwr 1 + pwa 1|

Suppose that |dy| < |do| holds for 1 <n < k— 1. From (21), it immedi-
ately follows that
1
|4 K, sin® %h’ +1Vohsinoh + pwy 1 + paws 1|

|dy| < [,u| — w12+ 2wa 1 — waal - |di—1]

+plwrz —wig + w3z — 2we o + wa ] - |dr—2|
k-3

Y (Wi k—it1r — W k—im1 + W2 g—it1 — 2Wa k—; + W k—i—1]| - |di
=1

+plw g + wi g1 + wop — wop—1] - |do]-
From Lemma 2.1, if a € (0, 1), one has,

1
|4 K, sin® % +1Vohsinoh + pwi 1 + paws 1|

|dy| < [(—w12 + 2wa 1 — wa2)|dk—1|
—p(wy 3 — w1 + w3 — 2wa 2 + wa1)|dr_2

k-3
— > (W i1 — W1 k—ie1 + W2 f—it1 — 2W2 ki + W2 j—i—1)|d]|
i=1

p(wr g + wig—1 + Wwok — wok—1)|do]]
plwyn + wa 1
< wwmtuny o] < |,
|4K o sin® & +Vohsinoh 4 pws 1 + pws 1|

Here, it must be mentioned that the above inequality is true for a € (0, o)
but not for a € (0, ap).
Thus, the proof is complete. O

Theorem 3.3. If a € (0,q1), the difference scheme defined by (14) is
unconditionally stable.

Proof. From (20) and (22), we can write

o0 o0

P13 =D ldem)P < Y |do(m)* = [Is°]3,

m=—00 m=—0oQ

17
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so we have
16512 < 110°|2,

which means that the scheme is unconditionally stable. O

Remark 3.1. 1) For the fractional derivative order «, unconditional sta-
bility exists in a proper sub-interval of (0, 1), i.e., « € (0, 1) € (0,1). This
means that a; can not attain 1. Such a phenomenon was early observed
and pointed out in [7,3].

2) Generally speaking, the higher order discretization is given for the frac-
tional derivative in a given differential equation, the smaller interval with
respect to the fractional derivative order is required for unconditional sta-
bility. For details, refer to [%] and this paper.

Next we study the convergence order of scheme (14). Define the trun-
cation error

ef =u(xj,ty) —Uf =uf —UF k=0,1,...,N,j =0,1,..., M,

and set
e = (b ek ek, )T, RF=(RYV, R, ... RY, )T k=1,2,.. N.

From the first equality of (18), and letting uj_l = uY, one obtains

i
(24)

Vah Vah
<_Ka — ;) uj g+ (pwig 4 pway + 2Ka) uf + <_Ka + ;) Ui
= u(le + w271)u2 + h2fj1 + hQR]l, =1,
Vah Vah
(—Ka — ;) uffl + (pwi1 + pwe + 2K,) uf + (—Ka + ;) U?ﬂ
k—2
= p(—wi 2 + 2wa1 — wz,z)uf_l —p Z(wl,k—i—l-l — Wlk—i-1 T W2 k—it1
i=1
— 2wa o + Wa i1 )G + p(wi g + w1+ wok — wap—1)u) + 2 fF + h2RY,
2<k<N.

18
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Subtracting the above equations from equation (14) leads to
(25)

Vo h Vo h
R R L G DN
= (w11 +wan)e) + Ry k=1,
Vo h Vo h
(—Ka — ;) e?,l + (pwi1 + pwey + 2K,) ef + <—Ka + ;) e?H
k—2
= p(—wi 2 + 2w — w2,2)€§_1 — K Z(wl,k—H—l — W1 k—i—1 T W2 k—i+1
i1
— 2wy p—; + w2,k7i71)€§' + p(wy g + wi g—1 + wok — w2,k71)€? + hQR?;
[ 2<k<N,

with

h
e?, rj--<wv<zj+-,j=12,..,.M—1,
ek(x) _ 2 h h2
0,0<zx<—,orL——-<ax<L,
2 2
and "
Ré% Zj *<x<$]+*,j—1,2, 7M 1)
0,0<z<—,orL—=<ux<1L,
2 2
respectively. Assume that ef(x) and R¥(x) have the following Fourier series
expansions,
o] o, ¢]
ek(m) _ Z gk(,'771)6127r17’L:z:/L7 Rk(ac) _ Z nk(m)ezZTrmx/L’ Z2 _ _17
m=—o00 m=—00
where
1 L 1 L
fk(m) _ / ek($)€—127rm:c/de, nk(m> _ / Rk:(x)e—z%rmx/de_
L Jo L Jo
Define
M-—1 00
(26) le¥@)[5 = > hlefl> = > [(m),
7=1 m=—00

19



C. P. Li et al.

o0

M-1
(27) IRF (@)= D hIREP = > |nw(m)|*.
j=1

m=—o0
Based on the above analysis, we also suppose that
6? = gkezajh’ R;C = nkezajh’

where o = 2rm/L. Taking the above expressions into (25) gives
(28)

h2771
& = - 2 oh ; s k=1,
4K, sin® G +aVohsinoh + pwy 1 + pwa
1
— —wi 2 + 2w
Sk 4K, sin® %h +1Vohsinoh + pwy 1 + paws [M( b2 2
k—2
— w2,2)&k—1 — NZ(wl,k—i—H — W1 k—i—1 T W2 k—it1 — 2W2 k—;
i=1
+wop—i—1)& + h*ng], 2 <k < N.

Lemma 3.2. For &, (k=1,2,...,N) defined by (28), if a € (0,1), there
exists a positive constant Co such that

k] < Co(1 4 7)¥|m|,k=1,2,...,N.
Proof. From (18) and the left-hand side of (27), one gets
(29) IRl < CoVL(7 + h?),k = 1,2,...,N.

Again, based on the convergence of the series in the right-hand side of (27),
then there is a positive constant Co such that [14]

(30) k] = |nk(m)| < Cot|m| = Corlm(m)|, k =1,2,..., N.

From (23), for small enough 7, the following inequality holds

. o 0h .
|4Ka sin? o +1Vohsinoh + pwy 1 + [ngyl‘ > p(wiy +wan)

hir—« Q
=—— (2—=)>h%. k=1,2,...N.
F(g_a)( 2>_ ) ) ) )

(31)

When k = 1, from the above inequality and (30), the first equation of (28)
yields

(32) 1] < | < Corfmy| < Co(1 4 7)|m.

20
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When k = 2,

1
< { —wio + 2w 1 — Wasl - + h?
2] 4K, sin? %h +1Vahsinoh + pwi 1 + pawe 1| g b2 2 22| - 161l el
1

= w11+ w
|4K ,, sin? %h +1Vohsinoh + pwy 1 + paws 1| [M( b 21)

—(w12 + w11 + w2 —wan)| - 61 + hz!nz\} :

From Lemma 2.1, if a € (0, ap), one has

62| < ; [I +wa | - |&1] + A2 |]
w wa 1] -
0 4K, sin? 2 + 1 Vahsinoh + w1 + pws,1 | S 2T ”
1

2
= 4K, sin? 20 14V hsinoh + pwy g + paws 1| {M(wl’l +w2,1)Co(1 +7)|m| +h 027'|771|]
[0} 2 «@ ; ’

< Co(1+ 7)m| + Car|m| < (1 +7)*Calm].
Suppose that
(33) €] < Co(L+7)"ml|, n=1,2,....k— 1.
One can rewrite (28) as
1

‘gk‘ < . 2 oh .
|4K o sin® & +Vohsinoh 4 pw 1 + pws 1|
+p|(wr,3 — w1 + w3 — 2w + wa )| - |Ep—2]

[M\ — w2 + 2w — waol - [§k-1]

k—3
Fi > [(Wip—it1r — W k—i—1 + W2 g—ip1 — 2Wok—; + W k—i—1)| - |&] + h2|77k:|]
i=1
From (30), (33) and Lemma 2.1, if o € (0, 1), one has
1

|4k, sin? %h +1Vahsinoh + pwi 1 + paws 1|

€] < [M(—wm + 2wy 1 — wa2)Ca(1 + 7)1

k=3
Im| — p(wiz — wig +waz — 2w + we,1)Ca(1+ 1) 2| — p ‘Z:l(wl,kfzﬂrl
=

—W] feie1 + W2 i1 — 2W2 i + W2 g—i—1)C2(1 + 7)"|m | + h2027|771|] :
< 1
~ 4K, sin? %h +1Vohsinoh + pwy 1 + paws |

{(02(1 + 7)) (w2

k=3

+2wo 1 —wa2) — plwiz —wi +woz — 2w + wa) — f Y (W1 k—it1 — Wi k—i—1
=1

Fwa f—it1 — 2Wa k—; + Wo k—i—1)|m|] + h2027"771’}

Co(1+ )P (w11 4+ wa1) — (w1 g + w1 g1+ wap — wog—1)] M|
|4K , sin? %h +1Vohsinoh + pwi 1 + pawe 1|

< Co(147)" | 4 Corm|

< (1+7)kCy|m|.

+ Car|m1|
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All this ends the proof. O

Next, one has the following error estimate.
Theorem 3.4. If a € (0, 1), the difference scheme (14) is L2-convergent
with order O(T3~% + h?).
Proof. Using Lemma 3.2 and applying (26), (27) and (29), one gets
le¥ll2 < (1 +7)FCo|| R |2 < 7 C1CVL (737 + h2).
Since kT < T, one has
(34) le¥]l2 < C(T3* + 1?),

in which C = C1CyVLe. O

4. Numerical scheme II

In this section, we derive a much higher order scheme as for the space
discretization. Let
2 va

V2h? h
—(K.I o 2 Vs B=T+— (62— 26,
A ( “ +12Ka>5x a0z B 12 (590 Ka5>’

where I is a unit operator, dz and 62 are average-central and second central
difference operators with respect to x, which are defined by

k k k k | ok
Ui — Ui wiyq — 2uf +ug g
5Tu(xj7tk) = %7 5acu(xjatk) =2 hgj !

Considering the following differential equation

0u(z,t) Ju(z,t)
(35) Ka axQ - Va 8.%' = g(x7t)7
and referring to [14,17], we obtain a fourth-order difference scheme for solv-
ing the equation (1) as follows
(36) Au(zj, t) = Bg(xj, t) + O(h?).

Combing (12), (35) and (36), one gets

k—1
T . . A ‘ -
B- m Z [ka—i (u}‘*‘l _ u; 1) +wo g (u}—i—l _ 2u; + ug 1)}
=0

= Auf + Bff +O(r** + 1),
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Using the same assumption and omitting the high-order term, we can obtain
a new difference scheme for equation (1) in the following form

(37)
( BU! =v(wy ), + wy;)CUY + CF’ + Gy, k =1,
k=2
BU* =v(—wi 2+ 2wy1 — w22)CU ™ — 1) “(wy i1 — wip—ia
i=1

+wog—ir1 — 2Wo ki +wak—i—1)CU + v(wy g +wy g1 + wap — wog_1)CU°
+ CFF + Gy, 2< k<N,

where v = F(%fa), the matrices and vectors in (37) are defined below,

B = tri[ss, s9,51], 1 <k <N,

1 Vuh Ko, V2 VW,
s1=v(wiy Fw2) (12 B 24Ka> N <h2 K, T 2h> ’
5 K, V2
59 = gv(wm +wa1) + 2 Wz 12Ka> ;
1 Vah Ko V2 V,
53 = vwig +wz) (12 + 24Ka) N <h2 HETY 2h> ’

1 Vih
=137 UK,
5
q2_6a
1 Vah
©= 19 7T K,

G = (91, 90-1)"
g1 = —s3¢p(tr) + qav(—wi2 + 2w — wa2)@(tk—1) + gsv(wi g + w1 g—1 + wa i — wa k—1)¢(to)
k-2
— g3V Z(wl,k—i+1 — Wi k—i—1 T W2 k—i+1 — 2W2k—; + w2 k—i—1)¢(t:) + a3.f (w0, k),
—1
gM-1 = —8211/1(1516) + qv(—wi2 + 2wz 1 — w22)Y(tp—1) + v (wi gk + wi k-1 + wak — w2 k—1)%(to)
k-2
- qv Z(wl,kfz#l — WY h—im1 T W2 h—it1 — 2Wa ki + Wa p—i—1)V(t:) + q1.f(xar, ).
i—1

Theorem 4.1. The difference system (37) has a unique solution.
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Proof. The eigenvalues of the matrix B are given by

Xi252+2\/@ cos<]\247r>,i:1,2,...,M—1.

2 2
. v(d—a K, V2 vVah(d—a V—
(i) When s1s3 = { (24 b he 12?@} - { 48&@ b 2ha] >0, we

have
~ _vd—a) K, V2
> o (e o) _9
Az <h2 +12Ka>

I/(470¢) Ka Vo?
If =5~ — 3% — i, = 0, then

vid—ao) Ko %5
24 h? 12K,

~ _vd—a) K, %5
A > 4 — - 0
=73 (h2+12Ka -
otherwise,
~ 4 —
R Gl B
2
) Wh C [va—e) K. V21?2 [wahd-a)  v-a]? 0
(ii) en $183 = 24~ R2 T 12K.| BK. 2k <0,
one has
~  bv(d—a) K, V? ~ i
A=——7-""4+2| — - 2b — 0
i 9 + <h2+12Ka + 2bcos " 1 # 0,
~ B 2 _ 2 12
where 5% = VVZZ%Q J V2_ha} - V(424a) - % - 1;/}1@}
Therefore, B is invertible, so the solution exists and is unique. O

Through the above analysis, we easily know that the local truncation
error of difference scheme (37) is R? =O(T3 + ht).
Next, we give the stability analysis for difference scheme (37).

When k£ =1
38 ~1 ~1 ~1 v(d—a) ~0 ~0
(38)  sspjy +s2p) + $1P51 = — 5 (e3P)—1 + @28 + @1Pj1)
When k > 1
(39)
s3PF_y + sapl + s178, = v(—wi g + 2wa; — wa) <Q3ﬁ§:11 +qpt T+ qlﬁ?ID
k—2
— VY (Wi ki1 — Wikt + Wok—ig1 — 2Wok—i + Wok—i1) (G351 + G2P + Q1741
=1

+ v(wi g + Wi g—1 + wak — W2 -1) (%ﬁ?_l + %ﬁ? + Q159+1) .
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Let
e ~ .
pj = dk eZUJ h )

and substituting it into (38) and (39) yields

) g - ST+ as) cos(oh) + g+ 2(qr — gs) sin(oh)] 5
! (s1 + s3) cos(oh) + s2 +1(s1 — s3) sin(ch) 0

and

(41)

dk—Q{ ’w12+2w21—w22)dk 1+ (Wi g+ wy o1 + wap — wo g 1)do
-

M

(W1 k—ig1 — W1 k—im1 + W2 p—it1 — 2Wo i + w2,kz—i—1)di} ;
=1

where )
v[(q1 + q3) cos(ah) + q2 + 1(q1 — gq3) sin(oh)]

@= (s1+ s3)cos(ah) + sg +1(s1 — s3)sin(ch)

Lemma 4.1. The following inequality holds

v(4—a) |[(q1 + g3) cos(ch) + g2 + 1(q1 — ¢3) sin(oh)] ‘ -1
2 (s1 4 s3) cos(oh) + sg +1(s1 — s3)sin(oh) | =
Proof.
v(4 —a) |[(q1 + g3) cos(oh) + g2 + 1(q1 — g3) sin(oh)] ‘ <1
2 (s1 + s3) cos(oh) + s2 +1(s1 — s3)sin(ch) | —
& A9 S+ gs) costoh) + @l + (a1 — as) (k)
5 1+ ¢q3)cos(oh) + q2]” + [(q1 — ¢3) sin(oh)]

< \/[(51 + s3) cos(oh) + s2]* + [(51 — s3) sin(oh)]?
& [V(42— 06)] i { [1 - ésiHQ (;gh ]2 + [— 1‘;‘;& sin (o—h)] 2}
< {V(42_ @) _ggin? <1ah> [”(41; @) <Iff§ + V;;)] }2

Vo v(4— a) 2
—i—{[—uKa- 5 ]Slnah

o () (o () o U [t ()

2 2
(o (Ka | V2 v(4—a>va 1, (ah
+16sin (2 > <h2 +12Ka + K. l—l—3sm 5

25
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The proof is thus completed. O

Lemma 4.2. For di, (1 <k < N) defined by (40) and (41), if o € (0,01),
the following inequality B N
|di| < |dol

holds for k =1,2,...,N.
Proof. When k£ =1, we easily get
di| < |do

by Lemma 4.1.
When k = 2, from Lemma 2.1, if a € (0, ap), one can get,

|da| < |do).

Suppose that |d,| < |do| is true for 1 < n < k — 1. In view of (41) and
Lemma 2.1, if &« € (0, 1) one has

‘Jk‘ =|Q H(—wm + 2wy 1 — wa2)dp_1 + (W1 + Wy g1 + Wk — W k—1)do

—2
- Z(wl,kfzﬂrl — Wi k—i—1 + W ki1 — 2W2 f—i + W2 k—i—1)d; H
i—1
<Q| {(—w1,2 + 2wz 1 — w2 2) ‘qu‘ + (w1 g + w1 g1 + Wok — W2 k1) ‘do‘
k—2

d;

X |

— Z W1 f—it]l — W1 h—i—1 T W2 k—it1 — 2W2 i + W2 f—i—1)
<1Q[ (w11 +w2,1) )dO‘

:y(4 —a) |[(q1 + g3) cos(oh) + g2 + 1(q1 — g3) sin(ch)] ‘&v ‘
2 (s1 + s3) cos(ah) + s + 1(s; — s3)sin(ch) || °
< |do|
The proof is finished. O

Theorem 4.2. Ifa € (0,a1), the difference scheme (37) is unconditionally
stable.

Proof. In view of Lemma 4.2, one gets

o0 o0

P15 => " ldem)P < Y |do(m)* = [I7°]l5,

m=—00 m=—0oQ
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which means that difference scheme (37) is unconditionally stable. O

Finally, we show the convergence analysis.

When k£ =1,
(42)
- - - v(4—« ~

$38j 1 + 28] + 51811 = (2) (03851 + @265 + 1€541) + B), j=1,2,.. M — 1.

When k > 1,

(43)

53’é§?_1 + sjé;? + 81’é§+1 =v(—wi2 + 2wy — wa2) (Q35§:11 + Q2’é?71 + q{éﬁD
k=2

- VZ(wl,k7i+l — W i1+ W k—it1 — 2W2k—; + w2 k—i—1) (q3€5_1 + @€, + 1€5,)
i1

+v(wi g+ wig—1 + Wo — Wak—1) (Q35{}_1 + Q25? + Q159+1) + Ef;
j=1,2,.,.M—1, k=2,3,..,N.

Now, Let
~k ¢ wjh pk ~ 0jh
e; = &e'", Rj = e’

Substituting them into (42) and (43) yields

g _ V(42_a) [(q1 + g3) cos(ah) + g2 + 1(q1 — g3) sin(oh)] ~
(44) b (s1 + s3) cos(oh) + so + 1(s1 — s3) sin(oh) 0
1 ~
* (s1+ s3) cos(oh) + s2 +1(s1 — s3) sin(ch) i
and
(45)

& =Q {(—wm + 2w 1 — w22)Ek—1 + (w1 + w1 g—1 + W — wak—1)E0

k—2
— Z(wl,k—i—l-l — W1 f—ijm1 + W2 ki1 — 2W2 i + w2,k—i—1)§i}
i—1
n 1 -

(s1+ s3) cos(oh) + s2 +1(s1 — s3) sin(ch) 1Tk

Lemma 4.3. The following inequality holds

< 2.

1
(s1+ s3) cos(oh) + s2 +1(s1 — s3) sin(oh) ‘
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Proof. Notethat0<7'<1and0<a<1,then1<F(3—a)<2and
1

VvV = m > 2 SO
4 9 2 L. 9 ?
1§§V(4 )2 < V(4 —a) 1—fsm —oh
S e (o )]}
2
I/(4—Oz) Ka Vo? ?
< VA
—4{ ;o < )[ (h”lﬂ@)]}
Voh v(d—a) V, 2
+4{[ DK, 5 + h]sm(o’h)}
— 4|(s1 + s3) cos(oh) + s3 + 1(s1 — s3) sin(ah)|?,
ie.,
1
<2.
(s1 4 s3) cos(oh) + s2 +1(s1 — s3)sin(oh) ‘ -
The proof is finished. O

Lemma 4.4. For Ek (k=1,2,...,N) given by ({4) and (45), if o € (0, 1),
then there exists a positive constant Cy such that

&kl < Co(1+ 7)F[i ] k= 1,2, ..., N.

Proof. Similar to the preceding proof, one has
~ - 1~ 1~
(46) [l = ()| < 5Corlin| = SCorlii )]k = 1,2,...,N.

Using & = 0, (44) and Lemma 4.3, gives
|- :
e (s1 + s3) cos(oh) + so + 1(s1 — s3) sin(oh)
< 2| < Corli| < (1+ 7)Coll-

7|

When k = 2, from Lemma 2.1, if « € (0, ap), one get
62| < (1+7)°Calip.
Now, we suppose that

&n| <A+ 7)"Colin], n=1,2,... k- 1.
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Using (45), Lemmas 4.1, 4.3 and 2.1 again, if a € (0, 1), it is easy to get

‘gk‘ <1Q| {(—w1,2 + 2wy — wa2) ‘&—1‘

k—2
- Z(wmﬂ‘ﬂ — Wi ki1 F+ W k—it1 — 2Wo p—; + Wok—i—1) |& }
i=1
1
(s1 + s3) cos(oh) + s2 +1(s1 — s3) sin(oh

<1Q| {(_wl,Q + 2w 1 —wa2)(1+ T)k_ICN'z i
k—2

_.I_

5|

=Y (Wi it — W gmio1 + W2 g1 — 2W2 ki + W2 k—i—1)(1 + 7)'Ca \771\} + 2|1k
i1

<|Q| (w1 +wa ) (1+7)¥Co 7| 4+ 7Co |71
<(1+ 7 Cy ||+ 7Co [
<(1+7)*Cy || -
This ends the proof. O

Theorem 4.3. If a € (0,«1), the finite difference scheme (37) is L2-
convergent with order O(T3~% 4 h%).

Proof. Similar to the proof of Theorem 3.4, it follows that

1€%]12 < (1 + 7)ECo||RY||2 < *"CLCOVIL(73~ + ) < C(=*~“ + hY). O

5. Numerical examples

In this section, the numerical examples are presented to illustrate our
theoretical analysis. Example 5.1 is used to verify the numerical scheme for
Caputo derivative. Example 5.2 is displayed to test numerical schemes I
and II.

Example 5.1. Consider the function f(t) = t4,t € [0, 1].

The numerical results are shown in Table 1. From this table, the exper-
iment convergence order is in line with the theoretical order (3 — «).

In the following, we apply numerical schemes I and II to compute the
following fractional partial differential equation.
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Table 1. The absolute error, convergence order of Example
5.1 by numerical scheme (9).

« 7  the absolute error the convergence order
02 14 0.0015 —
35 2.4095¢e-04 2.6382
5 3.7575e-05 2.6809
= 5.7436e-06 2.7097
o0 8.6640e-07 2.7289
04 15 0.0052 —
3 9.3209e-04 2.4800
5 1.6158e-04 2.5282
& 2,7540e-05 2.5526
60 4.6455e-06 2.5676
0.6 15 0.0139 —
= 0.0028 2.3116
. 5.4517e-04 2.3606
. 1.0520e-04 2.3736
oo 2.0146e-05 2.3846
08 15 0.0331 —
5 0.0075 2.1419
. 0.0017 2.1414
& 3.6991e-04 2.2003
60 8.1011e-05 2.1910

Example 5.2. Consider the time fractional advection-diffusion equation
in the following form

0?u(z,t) _ Ou(x, 1)
Ox? Ox

u(z,0) =0, 0<x <1,

u(0,t) =0, u(l,t) =0, t >0,

cDgpu(z,t) = + fz,t), © € (0,1), £>0,

(47)

in which f(z,t) = % sin(mrx) + 7t° (7 sin(7w) + cos(wx)). Its analytical

solution is u(x,t) = t° sin(7x).

Here let T'= 1. We find its numerical solution in (z,t) € [0, 1] x [0, 1].
The absolute error, time and space convergence orders are listed in Tables
2, 3 and 4 by difference schemes (15) and (37). From these tables, we can
see that the numerical results coincide with the theoretical convergence or-
ders.
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Table 2. The absolute error, time convergence order of Example
5.2 by difference scheme (15) with h = ﬁ.

« 7  the absolute error the time convergence order

01 {5 1.1114e-04 —
= 6.9539¢-05 2.5721
1 4.6663e-05 2.5869
= 3.3006e-05 2.5940
5 2.4329¢-05 2.5891

02 15 2.9151e-04 —
& 1.8413e-04 2.5200
T 1.2440e-04 2.5428
= 8.8389e-05 2.5603
5 6.5313e-05 2.5688

0.37 15 8.6553e-04 —
% 5.5877e-04 2.4004
iz 3.8437e-04 2.4261
& 2.7726e-04 2.4464
= 2.0751e-04 2.4601

Table 3. The absolute error, space convergence order of Example
5.2 by difference scheme (15) with 7 = 535.

« h  the absolute error the space convergence order

0.1 % 0.2035 —
I 0.0479 2.0869
1 0.0118 2.0212
% 0.0030 1.9758

0.2 3 0.1988 —
% 0.0470 2.0806
= 0.0116 2.0185
% 0.0029 2.0000

0.37 % 0.1895 —
7 0.0451 2.0710
L 0.0111 2.0226
% 0.0028 1.9871

6. Conclusions

In this paper, we give a (3 — a)th-order numerical method to approx-
imate the Caputo derivative, where o € (0,1). Using this scheme, pro-
pose two numerical schemes with convergence order O(73~® 4 h?) and
O(T3~“+h*) for time fractional advection-diffusion equation, where 7, h are
time steplength and space steplength, respectively. The stability of the de-
rived numerical algorithms are proved by the Fourier method. Here we must
pay attention that the unconditional stability depend upon the derivative
order «. The numerical results support the theoretical analysis.
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Table 4. The absolute error, space convergence order of Example
5.2 by difference scheme (37) with 7 = ﬁ.

« h  the absolute error the space convergence order

0.1 15 3.3278e-05 —
. 1.61051e-05 3.9995
1a 8.6486e-06 4.0104
5 5.0579e-06 4.0180
5 3.1587e-06 3.9966

02 5 3.2703e-05 —
& 1.5769e-05 4.0011
T 8.4954e-06 4.0110
- 4.9679¢-06 4.0187
= 3.1053e-06 3.9890

037 15 3.1553e-05 —
= 1.5209e-05 4.0033
o 8.1925e-06 4.0123
5 4.7914e-06 4.0180
= 3.0018¢-06 3.9694
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